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THE LOCAL-TRIVIALITY DIMENSION OF ACTIONS
OF COMPACT QUANTUM GROUPS
EUSEBIO GARDELLA, PIOTR M. HAJAC, MARIUSZ TOBOLSKI, AND JIANCHAO WU
Abstract. We define the local-triviality dimension for actions of compact quan-
tum groups on unital C*-algebras. The resulting compact quantum principal
bundle is said to be locally trivial when this dimension is finite. For commuta-
tive C*-algebras, this notion recovers the standard definition of local triviality
of compact principal bundles. We prove that actions with finite local-triviality
dimension are automatically free. Then we apply this new notion to prove the
noncommutative Borsuk–Ulam-type conjecture under the assumption that a com-
pact quantum group admits a non-trivial classical subgroup whose induced action
has finite local-triviality dimension. This is a noncommutative extension of the
Borsuk–Ulam-type theorem for locally trivial principal bundles.
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1. Introduction
The noncommutative geometry program of Connes [14], taking inspiration from
a variety of areas including representation theory, quantum mechanics, and index
theory, aims at building new mathematical tools by providing noncommutative
(or “quantum”) generalizations of classical mathematical theories. One starting
point of this program is the Gelfand–Naimark natural duality between commutative
C*-algebras and locally compact Hausdorff spaces [22], which leads to the percep-
tion of the study of general, possibly noncommutative C*-algebras as the theory of
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noncommutative topology. Many other important mathematical subjects have since
found their noncommutative analogues, e.g., measure theory, spin geometry, and
topological K-theory. The resulting new tools have made far-reaching impact in
topology, representation theory, ergodic theory, mathematical physics, etc.
In this paper, we are interested in the concept of a principal bundle which is pivotal
in algebraic topology and provides a rigorous mathematical description of gauge field
theories in physics. For a compact group G, a compact Hausdorff principal G-bundle
in the sense of H. Cartan may be taken as a compact Hausdorff space with a free
continuous G-action. However, it is often desirable in applications to impose the
condition of local triviality, namely that each point has a neighborhood of the form
G ×W , where W is some open subset of the orbit space and G acts only on the
first coordinate by translation. Such a neighborhood is called trivializable, as it
represents a trivial bundle. Local triviality is incorporated into the definition of
principal bundles per Steenrod, but for the sake of clarity, we will stick to Cartan’s
formulation in this paper and explicitly state local triviality when needed.
Attempts to extend locally trivial principal bundles to the realm of noncommu-
tative topology go back already to the 1990’s [10, 43]. Unlike the notion of a vector
bundle, which immediately entered noncommutative topology as a finitely generated
projective module via the Serre–Swan theorem, the notion of a locally trivial com-
pact Hausdorff principal bundle resisted generalization to noncommutative topology,
largely due to the latter’s global nature.
Already the concept of a free action on C*-algebras proved to be difficult to
formulate in a satisfactory manner [4]. A key problem in imposing the local-triviality
condition in this setting is the lack of a C*-algebraic formulation of the notion
of an open cover. Therefore, there came first the definition of a piecewise trivial
compact quantum principal bundle, using appropriate families of ideals to define a
noncommutative finite closed cover [24, 23]. However, as shown in [5], a piecewise
trivial compact Hausdorff principal bundle need not be locally trivial, so the problem
of introducing local triviality to noncommutative geometry remained unsolved.
In this paper, we introduce a notion of locally trivial compact quantum princi-
pal bundles. Our local triviality is characterized by the finiteness of a dimension
concept which we call the local-triviality dimension, defined for actions of compact
quantum groups on unital C*-algebras. Our approach is inspired by the theory of
the Rokhlin dimension [26] used in and around the classification program of unital
simple separable nuclear C*-algebras and is also motivated by the noncommutative
Borsuk–Ulam-type conjecture [3].
To explain how we circumvent the need for open covers in our definition, we first
describe an equivalent characterization of local triviality in the classical setting. We
begin by noting that a prominent example of locally trivial compact Hausdorff prin-
cipal bundles for a compact group G is given by applying Milnor’s join construction
to G. More precisely, the join G ∗G is defined to be the quotient topological space
of G×G× [0, 1] by collapsing each of the two copies of G at the endpoints of [0, 1],
one at a time. When equipped with the diagonal translation action, the join G ∗G
becomes a locally trivial compact Hausdorff principal G-bundle. We may iterate
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this construction to obtain the multi-joins
EnG := G ∗G ∗ . . . ∗G︸ ︷︷ ︸
n+1
for any natural number n. For example, when G is the two-element group, the multi-
join EnG is identified with the n-sphere with the antipodal action. These multi-
joins provide the desired equivalent characterization of local triviality: a compact
Hausdorff principal bundle is locally trivial if and only if it admits an equivariant
continuous map into such a multi-join. This fact is proved by a partition-of-unity
argument.
Observe that this equivalent characterization is global in nature, in the sense that
it avoids the need to talk about open neighborhoods. Therefore, it serves as a perfect
point of departure in our quest to generalize local triviality to the noncommutative
setting. In addition, it turns out that the smallest n needed for the existence of an
equivariant continuous map into EnG is exactly one less than the smallest number
of trivializable open sets needed to cover the compact Hausdorff principal bundle.
As we shall see below, it is particularly meaningful to keep track of this number
n as a measurement of the complexity of the principal bundle. This is our local-
triviality dimension in the classical setting1. Thus in summary, the local triviality
of a compact Hausdorff principal bundle is characterized by the finiteness of its
local-triviality dimension.
To generalize this dimension concept to the noncommutative setting, we just need
to invoke the Gelfand–Naimark duality: the local-triviality dimension of an action by
a compact quantum group G on a unital C*-algebra A is the smallest number n such
that there exists an equivariant ∗-homomorphism from the C*-algebra of the “n-th
multi-join” of G into A. There are, however, some subtleties in constructing multi-
joins for compact quantum groups. A naive approach is to dualize the construction
in the classical setting and define the C*-algebra of the join of G with itself as a C*-
subalgebra of C(G) ⊗ C(G) ⊗ C([0, 1]), where ⊗ denotes the minimal or maximal
tensor product of C*-algebras. Unfortunately, unlike classical groups, there is in
general no well-defined diagonal action by G on C(G)⊗C(G). There are two ways
to fix this issue:
(1) Replacing the tensor product C(G)⊗C(G) by an amalgamated free product
C(G)∗CC(G). This results in a construction that we call the free noncommu-
tative join, denoted by C(G)+×C(G) and, for the iterated version, C(E+×nG).
Using this as the C*-algebra of the “n-th multi-join” in the above statement
leads to our definition of the local-triviality dimension.
(2) Replacing the tensor product C(G) ⊗ C(G) by a braided tensor product,
which admits a diagonal action. Equivalently, we may “twist” the above
“naive join” by altering one of the two endpoints on [0, 1] in a suitable way
and replace the diagonal action by the action on the second tensor factor
alone, which is well defined. Either way, the resulting C*-algebra is called
the equivariant noncommutative join, denoted by C(G)
∆
~C(G) and, for the
1The terms G-index and Schwarz genus have also been used for this number in the literature.
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iterated version, C(E∆n G), where ∆ stands for the comultiplication in C(G).
Using this in place of the free noncommutative join, we arrive at the definition
of the strong local-triviality dimension, so named because it assumes greater
values than the local-triviality dimension in general.
Both approaches generalize the local-triviality dimension in the classical setting,
though they differ in general, even when the acting group is classical. An example
is given by the antipodal action on the free spheres, which may be identified with
the free noncommutative multi-joins C(E+×nG) for G being the two-element group.
Compared to the strong local-triviality dimension, there seem to be fewer tools for
giving lower bounds of the local-triviality dimension, as it turns out all the free
noncommutative multi-joins, for n > 1, has the same (equivariant) K-theory as the
complex numbers. This K-theoretic computation generalizes a result of Nagy on
the free 1-sphere [37].
We remark that there is an equivalent definition of the local-triviality dimension
using order zero maps, in a way similar to how the Rokhlin dimension is defined
[26]. This reformulation gives rise to another variant called the weak local-triviality
dimension. On the other hand, the Rokhlin dimension may also be reformulated in
terms of the free noncommutative multi-joins. Thus the aforementioned K-theoretic
computation may be seen as a reason why we have currently very few means to
give lower bounds for the Rokhlin dimension. Moreover, from this perspective,
the strong local-triviality dimension is analogous to the Rokhlin dimension with
commuting towers (for which we do have obstructions that help give lower bounds).
See Section 5.2 for more on these connections between the dimensions as well as
a somewhat surprising computation of the Rokhlin dimension for actions by p-adic
groups on commutative C*-algebras.
As an evidence that our notion of local triviality dimension behaves in a desired
manner, we prove that actions with finite local-triviality dimension are automatically
free. We also illustrate our definition by calculating with a variety of examples.
A major motivation for our definition of local triviality is the Borsuk–Ulam-
type conjecture. Recall that the classical Borsuk–Ulam theorem says there is no
antipodal-equivariant continuous map from an (n + 1)-sphere to an n-sphere, for
any n. Using the join construction, this theorem is reformulated as: for any n, there
is no equivariant continuous from EnG ∗ G to EnG, where G is the two-element
group. Analogous statements have been proved for other compact groups G.
In [3], Baum, D ↪abrowski, and Hajac stated a noncommutative Borsuk–Ulam-type
conjecture: for any action δ of a compact quantum group G on a unital C*-algebra
A, there is no equivariant ∗-homomorphism from A δ~C(G) to A, where δ~ denotes an
equivariant noncommutative join as above. This conjecture, if true even just in the
commutative setting, would imply a weak version of the Hilbert-Smith conjecture
in topology. On the other hand, progress in the noncommutative setting would give
us new insight into the complexity of quantum principal bundles. In fact, from our
perspective, this conjecture points to the key difficulty in giving lower bounds on
the (strong) local-triviality dimension.
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As an application of our local-triviality dimension, we prove the noncommutative
Borsuk–Ulam-type conjecture under the assumption that a compact quantum group
admits a non-trivial classical subgroup whose induced action has finite local-triviality
dimension. The idea is that the finiteness of the dimension allows us to reduce the
problem to one where the compact quantum group G is replaced by its classical
subgroup H and A is replaced by EnH, but this latter case is already resolved by
classical methods.
Convention: All tensor products of C*-algebras are assumed to be minimal.
All C*-algebras and ∗-homomorphisms are assumed to be unital unless otherwise
stated.
2. Different types of equivariant noncommutative joins
2.1. Preliminaries on joins and actions. To begin with, we recall the definition
of a join (e.g., see [25, Chapter 0])) of two topological spaces.
Definition 2.1. Let X and Y be topological spaces. The topological join X ∗ Y of
X and Y is defined as the following quotient
X ∗ Y := (X × Y × [0, 1]) / ∼ ,
where the equivalence relation is given by
(x, y, 1) ∼ (x′, y, 1) for all x, x′ ∈ X, y ∈ Y,
(x, y, 0) ∼ (x, y′, 0) for all x ∈ X, y, y′ ∈ Y.
The topological join construction is associative. It is also functorial in the fol-
lowing sense: given two continuous maps f : X → W and g : Y → Z between
topological spaces, there exists a continuous map f ∗ g : X ∗ Y → W ∗ Z.
If X and Y are equipped with a continuous free action of a topological group G,
then the diagonal action on the join is again free. This action is also continuous if G
is locally compact Hausdorff by a classical result due to Whitehead [55, Lemma 4]
(see [32] for a formulation of the result using modern terminology). This turns X ∗Y
into a free G-space.
Recall that, for a locally compact Hausdorff group G, the space G ∗G is the first
step in the Milnor construction [33] of a universal principal G-bundle EG with its
base space being a model of the classifying space BG (it is true for an arbitrary
group G if, instead of the quotient topology, we put the Milnor topology [33] on the
join). We introduce a concise notation for the multi-join of a topological group G:
E0G := G, EnG := G ∗ . . . ∗G︸ ︷︷ ︸
n+1
, n > 0.
Definition 2.2. Let X be a topological space. The unreduced cone of X is defined
as the quotient
CX := (X × [0, 1]) / ∼ ,
where the equivalence relation is given by
(x, 0) ∼ (x′, 0) for all x, x′ ∈ X.
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We can view the join of X and Y as a subspace of the product of cones:
X ∗ Y ∼= {([(t, x)], [(s, y)]) ∈ CX × CY | t+ s = 1} ⊆ CX × CY. (2.1)
Let now X and Y be compact Hausdorff spaces. One can describe the unital com-
mutative C*-algebras C(CX) and C(X ∗Y ) of continuous complex-valued functions
on the unreduced cone and the join respectively, in the following way:
C(CX) ∼= {f ∈ C([0, 1], C(X)) | f(0) ∈ C},
C(X ∗ Y ) ∼= {f ∈ C([0, 1], C(X)⊗ C(Y )) | f(0) ∈ C(X)⊗ C, f(1) ∈ C⊗ C(Y )}.
In the spirit of the celebrated Gelfand–Naimark theorem [22, Lemma 1] and [21,
Theorems 8’, Theorem 10], one can think of unital commutative C*-algebras as being
equivalent to compact Hausdorff topological spaces. Then, the study of noncommu-
tative C*-algebras can be viewed as noncommutative topology. Having this in mind,
we now recall the unreduced cone and the generalization of the join construction to
the noncommutative setting.
Definition 2.3. Let A be a unital C*-algebra. The noncommutative unreduced cone
of A is defined as follows
CA := {f ∈ C([0, 1], A) | f(0) ∈ C}.
Definition 2.4. Let A and B be unital C*-algebras. One defines the noncommuta-
tive join A~B of A and B as follows
A~B := {f ∈ C([0, 1], A⊗B) | f(0) ∈ A⊗ C, f(1) ∈ C⊗B}.
The noncommutative join construction is associative and functorial. Indeed, given
two ∗-homomorphisms ϕ : A→ C and ψ : B → D of unital C*-algebras, there exists
a ∗-homomorphism ϕ~ ψ : A~B → C ~D.
As in the case of topological spaces, we introduce group symmetry into the picture.
An action of a topological group G on a C*-algebra A is a jointly continuous group
homomorphism α : G → Aut(A) and any C*-algebra equipped with an action of
a group G is called a G-C*-algebra. We also use the following notation
AG := {a ∈ A | ∀g ∈ G : αg(a) = a}
for the fixed-point subalgebra of A. Notice that, for a compact Hausdorff space X,
there is an isomorphism C(X)G ∼= C(X/G).
One can verify that if A and B are two G-C*-algebras, then A ~ B is again
a G-C*-algebra with the diagonal action of G defined using the functoriality of the
join.
In the same way as C*-algebras generalize topological spaces, quantum groups
generalize topological groups. Let us now proceed to actions of compact quantum
groups on unital C*-algebras. First, we recall basic definitions.
Definition 2.5 ([57]). A compact quantum group G is a unital C*-algebra C(G)
together with a unital injective ∗-homomorphism ∆ : C(G)→ C(G)⊗ C(G) that is
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coassociative, i.e., (id⊗∆)∆ = (∆⊗ id)∆, and such that the two-sided cancellation
property holds
{(a⊗ 1)∆(b) | a, b ∈ C(G)}cls = C(G)⊗ C(G) = {(1⊗ a)∆(b) | a, b ∈ C(G)}cls,
where cls denotes the closed linear span.
If G is a compact Hausdorff group, then C(G) is a compact quantum group. This
example is the reason for the suggestive notation C(G) for the C*-algebra of the
compact quantum group G. The group C*-algebra C∗r (Γ) of a discrete group Γ is
another example. Here the coproduct is given by ∆(χg) = χg ⊗ χg , where χg is the
generating unitary corresponding to g ∈ Γ.
Note that we assume that the coproduct ∆ is injective. However, to the best
of our knowledge, there is no proof of its injectivity nor an example of a compact
quantum group with a non-injective coproduct.
Definition 2.6. Let G be a compact quantum group and let A be a unital C*-algebra.
A unital injective ∗-homomorphism δ : A→ A⊗ C(G) is called a coaction of C(G)
on A (or an action of G on A) if and only if
(1) (δ ⊗ id) ◦ δ = (id⊗∆) ◦ δ (coassociativity),
(2) {(1⊗ h)δ(a) | a ∈ A, h ∈ C(G)}cls = A⊗ C(G) (counitality).
A C*-algebra A equipped with a coaction of C(G) is called a G-C*-algebra.
In the case of a coaction, the fixed-point subalgebra is defined as follows
AG := {a ∈ A | δ(a) = a⊗ 1}.
Similarly as for the coproduct, we assume that the coaction δ is injective, but here
the situation differs as there are examples of non-injective coactions (see, e.g. [51,
Proposition 4.1]). Nevertheless, such coactions in the classical case would correspond
to actions in which the neutral element of the group does not act as the identity.
To exclude these examples, one introduces minimal reduced coactions [51]. Suppose
that δ : A→ A⊗C(G) is a non-injective action of a compact quantum group G on a
unital C*-algebraA. One defines the minimal reduced coaction by δ : A→ A⊗C(G),
where A := A/ ker δ. This coaction is well defined (since ker δ is G-invariant) and
injective due to the injectivity of the coproduct [51, Theorem 3.3]. Throughout the
paper, by a coaction we always mean the minimal reduced coaction.
Definition 2.7 ([18]). Let δ : A→ A⊗C(G) be an action of G on A. We say that
δ is free if and only if
{(a⊗ 1C(G))δ(a) | a ∈ A}cls = A⊗ C(G). (2.2)
A basic example of a free action in the above sense is the canonical translation
action given by the coproduct ∆: C(G) → C(G) ⊗ C(G). Then the Ellwood con-
dition for ∆ is satisfied due to the left-sided cancellation property. One can show
that (2.7) generalizes free actions of groups on spaces (e.g., see [18, Theorem 2.9]).
Let us now recall the notion of an equivariant noncommutative join of C*-algebras
that plays a crucial role in the noncommutative Borsuk–Ulam-type conjecture [3].
We shall return to this conjecture in Section 6.
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Definition 2.8 ([15]). Let A be a unital G-C*-algebra with a coaction δ : A →
A ⊗ C(G). The equivariant noncommutative join A ~δ C(G) of A and C(G) is
defined as follows
A
δ
~ C(G) := {f ∈ C([0, 1], A⊗ C(G)) | f(0) ∈ δ(A), f(1) ∈ C⊗ C(G)}.
The above type of a join was introduced as a remedy for the lack of diagonal
actions of compact quantum groups on tensor products of C*-algebras. As an alter-
native, one could follow [39] and use braided tensor products. In [4, Corollary 5.6],
it was shown that, given a unital free G-C*-algebra A, an analog of the diagonal
action on A~δ C(G) is again free.
Let n be a nonnegative integer. In analogy with the classical case, we fix the
following notation:
C(E∆0 G) := C(G), C(E∆n G) := C(G)
∆
~ . . .
∆
~ C(G)︸ ︷︷ ︸
n+1
.
2.2. The free noncommutative join. In line with the above constructions, we
introduce a new type of a noncommutative join of C*-algebras using the notion of
the amalgamated free product A ∗D B (e.g., see [6, Definition II.8.3.5]) of unital
C*-algebras A and B over their unital ∗-subalgebra D. This new type of a join will
be used to build an n-universal locally trivial quantum principal bundle in Section 3.
Definition 2.9. Let A and B be unital C*-algebras. The free noncommutative join
of A and B is defined by
A+×B := {f ∈ C([0, 1], A ∗C B) : f(0) ∈ A, f(1) ∈ B}.
The above construction is associative and functorial by the associativity and uni-
versality of the amalgamated free product respectively.
Notice that, if A and B are G-C*-algebras with coactions δA and δB respectively,
we can define a diagonal coaction δA∗CB. Indeed, let ιA and ιB be the inclusions of
A and B in A ∗C B respectively. We define the following ∗-homomorphisms
(ιA ⊗ id) ◦ δA : A −→ (A ∗C B)⊗ C(G),
(ιB ⊗ id) ◦ δB : B −→ (A ∗C B)⊗ C(G).
Then, by the universal property of the amalgamated free product, we obtain the
∗-homomorphism
δA∗CB : (A ∗C B) −→ (A ∗C B)⊗ C(G).
It is straightforward to check that δA∗CB satisfy the coassociativity and counitality
conditions. In general, this coaction might not be injective. In such cases we always
consider the minimal reduced coaction. Using the above coaction, one can also
define a (minimal reduced) diagonal coaction of C(G) on A+×B.
We introduce the following notation:
C(E+×0 G) := C(G), C(E+×nG) := C(G)+× . . .+×C(G)︸ ︷︷ ︸
n+1
, n ∈ N \ {0}.
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Let us now prove an analogous result to (2.1) for the free noncommutative join.
Since we were not able to find it in the literature, we first provide a proof in the
case of the ordinary noncommutative join.
Theorem 2.10. Let A and B be unital C*-algebras. There is an isomoprhism
A~B ∼= (CA⊗ CB) /〈t1 ⊗ 1 + 1⊗ t2 − 1⊗ 1〉, (2.3)
where t1 and t2 denote the inclusion of the half-open interval (0, 1] into C in CA and
CB respectively.
Proof. Using Definition 2.3, we obtain an isomorphism
CA⊗ CB ∼= {f ∈ C([0, 1]2, A⊗B) | f(t1, 0) ∈ A⊗ C, f(0, t2) ∈ C⊗B}.
Observe that CA⊗CB has a natural structure of a C(X)-algebra, where X = [0, 1]2,
in the sense of [27, Definition 1.5]. Consider the ideal
I = 〈F 〉 = 〈t1 ⊗ 1 + 1⊗ t2 − 1⊗ 1〉.
Function F vanishes exactly at the points of the standard one-dimensional simplex
∆1 = {(s, t) ∈ [0, 1]2 | s+ t = 1}. Therefore, we have that
(CA⊗ CB)/I ∼= {f ∈ C(∆1, A⊗B) | f(t1, 0) ∈ A⊗ C, f(0, t2) ∈ C⊗B}
∼= {f ∈ C([0, 1], A⊗B) | f(0) ∈ A⊗ C, f(1) ∈ C⊗B} = A~B.

Next, we prove a similar result for the free join A+×B. In fact we prove even more,
namely that A+×B is also isomorphic to the amalgamated free product CA∗C([0,1])CB
by means of the unital ∗-homomorphisms given on generators by
f1 : C([0, 1])→ CA : t 7→ 1− t1, f2 : C([0, 1])→ CB : t 7→ t2. (2.4)
Here t is the inclusion function from (0, 1] into C generating C0((0, 1]) as a C*-algebra
and ti , i = 1, 2, are defined as in Theorem 2.10.
Theorem 2.11. Let A and B be unital C*-algebras. We have the following isomor-
phisms
A+×B ∼= (CA ∗C CB) /〈t1 + t2 − 1〉 ∼= CA ∗C([0,1]) CB.
Proof. First, note that the second isomorphism follows from the universal properties
of CA∗CCB and CA∗C([0,1])CB. Therefore, it suffices to show that A+×B is isomorphic
to CA ∗C([0,1]) CB.
Define two ∗-homomorphisms
ψ1 : CA→ A+×B, (ψ1(a))(t) := a(1− t),
ψ2 : CB → A+×B, (ψ1(b))(t) := b(t).
Let f1 and f2 be defined as in (2.4). Then, ψ1 ◦ f1 = ψ2 ◦ f2, and by the universal
property of CA∗C([0,1])CB, the maps ψ1 and ψ2 give rise to a unital ∗-homomorphism
ψ : CA ∗C([0,1]) CB → A+×B.
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We will show that the above map is an isomorphism. For this purpose, observe
that both the domain and the codomain of ψ can be viewed as C(X)-algebras (see
[27, Definition 1.5]), where X = [0, 1]. Indeed, if we denote by ι and ι′ the inclusions
of C([0, 1]) in CA∗C([0,1]) CB and A+×B respectively, their images land in the centers,
namely
ι(C([0, 1])) ⊆ Z(CA ∗C([0,1]) CB), ι′(C([0, 1])) ⊆ Z(A+×B). (2.5)
Any isomorphism of C(X)-algebras over the same space is given by an isomor-
phism of the C*-algebras over the fibers via the fiber-preserving map. Let us now
describe the fibers of the C(X)-algebras under consideration. Fix a t0 ∈ [0, 1]. One
defines
It0 := ι(C0([0, 1] \ {t0})) ·
(CA ∗C([0,1]) CB)
and subsequently (CA ∗C([0,1]) CB)∣∣t0 := (CA ∗C([0,1]) CB) /It0 .
This quotient is well defined because of the first inclusion in (2.5). Taking advantage
of (2.4), we observe that
(CA ∗C([0,1]) CB)∣∣t0 ∼= CA|1−t0 ∗C CB|t0 ∼=

A t0 = 0
A ∗C B t0 ∈ (0, 1)
B t0 = 1
.
Similarly, one can define I ′t0 (using the inclusion ι
′) and (A+×B)|t0 . It is straight-
forward to see that
I ′t0
∼= {f ∈ C([0, 1], A ∗C B) | f(0) ∈ A, f(1) ∈ B, f(t0) = 0}
and subsequently
(A+×B)|t0 ∼=

A t0 = 0
A ∗C B t0 ∈ (0, 1)
B t0 = 1
.
Now, ψ induces a ∗-homomorphism between fibers
ψt0 : CA|1−t0 ∗C CB|t0 → (A+×B)|t0
and it suffices to show that ψt0 is an isomorphism for every t0 ∈ [0, 1]. This can be
done using a standard partition-of-unity argument for [0, 1]. 
Example 2.12 (Free spheres). The n-dimensional free sphere C(Sn+) is defined as
the unital universal C*-algebra generated by n + 1 elements x0, x1, . . ., xn subject
to relations
x∗i = xi, i = 0, . . . , n,
n∑
i=0
x2i = 1.
Our aim is to show that any free noncommutative sphere is isomorphic to an iterated
free noncommutative join of C(Z/2Z), namely that
C(Sn+)
∼= C(E+×n Z/2Z).
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By Theorem 2.11, we have that
C(E+×n Z/2Z) ∼= ( CC(Z/2Z) ∗C . . . ∗C CC(Z/2Z )︸ ︷︷ ︸
n+1
)/I,
where I is the ideal generated by 1−∑ni=0 ti. Here each ti denotes the inclusion of
the half-open interval (0, 1] into C in a different copy of CC(Z/2Z). Note that
CC(Z/2Z) ∼= C(CZ/2Z) ∼= C([−1, 1]),
where we view C([−1, 1]) as the unital universal algebra generated by one self-adjoint
element p such that ‖p‖ ≤ 1. There is a Z/2Z-action on C([−1, 1]) given by p 7→ −p.
If we denote by t the inclusion of the half-open interval (0, 1] into C in CC(Z/2Z),
then p2 = t.
We have a natural well-defined Z/2Z-equivariant ∗-homomorphism
Φ : C(Sn+)→ (C([−1, 1])∗Cn) /
〈
Σni=0 p
2
i − 1
〉
,
xi 7→ pi, i = 0, 1, . . . , n,
where each pi is the generator of the ith copy of C([−1, 1]) in the iterated amalga-
mated free product. By the universality of the free product, we find the inverse of
the above map and we conclude the isomorphism. 
We end this section by showing that the K-theory of any free noncommutative
join is the same as that of C.
Theorem 2.13. Let A and B be unital C*-algebras. The embedding C ↪→ A+×B
induces isomorphisms of the K-theory groups:
K0(A+×B) = Z, K1(A+×B) = 0,
where K0(A+×B) is generated by [1].
Proof. Without loss of generality, we restrict to separable C*-algebras, since every
C*-algebra is a direct limit of separable C*-algebras and K-theory functor is con-
tinuous with respect to direct limits. Recall that, by Theorem 2.11, we have the
isomorphism
A+×B ∼= CA ∗C([0,1]) CB.
By [53, Theorem 6.4], there is the following six-term exact sequence:
K0(C([0, 1]))
((f1)∗,(f2)∗)// K0(CA)⊕K0(CB) // K0(A+×B)

K1(A+×B)
OO
K1(CA)⊕K1(CB)oo K1(C([0, 1]))oo
from which the statement follows, since K0(C([0, 1])) = K0(CA) = K0(CB) = Z
(generated by [1]) and K1(C([0, 1])) = K1(CA) = K1(CB) = 0 for any A and B. 
Let us remark, that the above result is also true at the level of the equivariant
K-theory.
As a corollary, we obtain the K-theory of free noncommutative spheres C(Sn+).
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Corollary 2.14. Let C(Sn+) be the noncommutative free sphere. We have that
K0(C(S
n
+)) = Z, K1(C(Sn+)) = 0,
where K0(C(S
n
+)) is generated by [1].
As far as the authors know, for n > 1 (see [37] for n = 1), this result was not
stated in the literature before.
3. Locally trivial compact quantum principal bundles
In this section, we introduce three different incarnations of the local-triviality
dimension for actions of compact quantum groups on unital C*-algebras and intro-
duce the concept of a locally trivial compact quantum principal bundle. We also
prove that local triviality in that sense implies freeness of the action and introduce
n-universal locally trivial compact quantum principal bundles.
Throughout this section t denotes the inclusion function from the half-open in-
terval (0, 1] into C, which generates C0((0, 1]) as a C*-algebra.
3.1. The (weak) local-triviality dimension.
Definition 3.1. Let A be a unital C*-algebra equipped with an action δ of a compact
quantum group G. If d is the minimal nonnegative integer such that there exist
G-equivariant ∗-homomorphisms
ρ0, . . . , ρd : C0((0, 1])⊗ C(G)→ A
satisfying the condition that:
(1)
∑d
j=0 ρj(t ⊗ 1) is invertible, we say that δ has the weak local-triviality di-
mension d, written dimWLT(δ) = d, and we set dimWLT(δ) =∞ if no such d
exists,
(2)
∑d
j=0 ρj(t ⊗ 1) = 1 (joint-unitality), we say that δ has the local-triviality
dimension d, written dimLT(δ) = d, and we set dimLT(δ) = ∞ if no such d
exists.
Notation 3.2. If there is no ambiguity about the G-action on A, we will also denote
the (weak) local-triviality dimension by dimG(W)LT(A). 
It is immediate from Definition 3.1 that for any coaction δ, we have that
dimWLT(δ) ≤ dimLT(δ) . (3.1)
Next, let A and B be G-C*-algebras with actions δA and δB respectively. If there
exists a G-equivariant ∗-homomorphism A→ B, then
dimWLT(δA) ≥ dimWLT(δB), dimLT(δA) ≥ dimLT(δB). (3.2)
The above property of the local-triviality dimensions is useful for Borsuk–Ulam-type
problems (see Section 6), where one usually tries to establish nonexistence of certain
equivariant maps. Moreover, if A is a unital G-C*-algebra with an action δA and I
is a G-invariant ideal, i.e. δA(I) ⊆ I ⊗ C(G), then it follows from (3.2) that
dimWLT(δA/I) ≤ dimWLT(δ), dimLT(δA/I) ≤ dimLT(δ). (3.3)
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Here δA/I is the action induced on the quotient by δA.
Remark 3.3. Few comments regarding the minimal reduced coactions are in order.
Recall that if δA : A→ A⊗C(G) is not injective we use δA : A→ A⊗C(G) instead,
where A = A/ ker δ. Adapting our definition of the local-triviality dimension to
non-injective coactions, by (3.3), we obtain
dimLT(δA) ≤ dimLT(δA).
Hence considering the minimal coaction does not change the finiteness of the local-
triviality dimension. Next, let B be another G-C*-algebra with a non-injective
coaction δB and suppose that there is a G-equivariant ∗-homomorphism A → B.
Then, there is a G-equivariant ∗-homomorphism A→ B, so that an analog of (3.2)
is satisfied. 
We list some elementary facts about the local-triviality dimensions.
Proposition 3.4. Let δ : A → A ⊗ C(G) be an action of a compact quantum
group G on a unital C*-algebra A. Then dimLT(δ) = 0 if and only if there exists
a G-equivariant *-homomorphism C(G)→ A.
Proof. Let dimLT(δ) = 0, so we have a ∗-G-homomorphism ρ : C0((0, 1])⊗C(G)→ A
such that ρ(t⊗ 1) = 1. Consider the map
ϕ : C(G) −→ A : h 7−→ ρ(t⊗ h).
The above assignment is clearly unital, G-equivariant and respects the ∗-structure.
Moreover, since
ϕ(ab) = ρ(t⊗ ab) = ρ(√t⊗ a)ρ(t⊗ 1)ρ(√t⊗ b) = ρ(t⊗ a)ρ(t⊗ b) = ϕ(a)ϕ(b),
it is also an algebra homomorphism. The other implication is analogous. 
Proposition 3.5. Let δ : A→ A⊗C(G) be an action of a compact quantum group
G on a unital C*-algebra A. Then we have that
dimWLT(δ) = 0 ⇐⇒ dimLT(δ) = 0.
Proof. For the not immediate implication, let dimWLT(δ) = 0, so that we have
a G-equivariant *-homomorphism ρ : C0((0, 1]) ⊗ C(G) → A, such that ρ(t ⊗ 1)
is invertible. Every element of C0((0, 1]) ⊗ C(G) can be approximated by linear
combinations of elements of the form tk⊗h, where k ∈ N \ {0} and h ∈ C(G). Now
consider a map ρ˜ : C0((0, 1])⊗ C(G)→ A defined by
ρ˜(tk ⊗ h) = ρ(√t⊗ 1)−kρ(t⊗ h)ρ(√t⊗ 1)−k
for any k ∈ N \ {0} and h ∈ C(G). Since ρ(t⊗ 1) is invertible and G-invariant, this
map is well defined and G-equivariant. For any g, h ∈ C(G), we have that
ρ˜(t⊗ g)ρ˜(t⊗ h) = ρ(√t⊗ 1)−1ρ(t⊗ g)ρ(√t⊗ 1)−1ρ(√t⊗ 1)−1ρ(t⊗ h)ρ(√t⊗ 1)−1
= ρ(
√
t⊗ 1)−1ρ(√t⊗ g)ρ(√t⊗ h)ρ(√t⊗ 1)−1
= ρ(
√
t⊗ h)−2ρ(t2 ⊗ gh)ρ(√t⊗ 1)−2
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= ρ˜(t2 ⊗ gh).
Hence, ρ˜ can be extended to a G-equivariant ∗-homomorphism
ρ˜ : C0((0, 1])⊗ C(G)→ A.
One can verify that ρ˜(t⊗ 1) = 1 and therefore dimLT(δ) = 0. 
Corollary 3.6. Let δ : A→ A⊗C(G) be an action of a compact quantum group G
on a unital C*-algebra A. Then dimLT(δ) = 1 implies that dimWLT(δ) = 1.
Proof. Let dimLT(δ) = 1. This implies that dimWLT(δ) ≤ 1 by (3.1). Since
dimLT(δ) 6= 0 implies that dimWLT(δ) 6= 0 by Proposition 3.5, the claim follows. 
Proposition 3.7. Let δ : A→ A⊗C(G) be an action of a compact quantum group
G on a unital C*-algebra A. Suppose that dimWLT(δ) = d and that
∑d
j=0 ρj(t ⊗ 1)
commutes with the images of the maps ρj for all j = 0, 1, . . . , d. Then, dimLT(δ) = d.
Proof. Suppose that dimWLT(δ) = d and let e :=
∑d
j=0 ρj(t⊗ 1). Similarly as in the
proof of Proposition 3.5, we define the maps
ρ˜i(t
k ⊗ h) := ρi(tk ⊗ h)e−k, i = 0, 1, . . . , d,
and, since e is invertible, G-invariant, and it commutes with the images of the maps
ρj, we extend each ρ˜i to a G-equivariant ∗-homomorphism
ρ˜i : C0((0, 1])⊗ C(G)→ A, i = 0, 1, . . . , d.
It only remains to check that the joint-unitality condition is satisfied:
d∑
i=0
ρ˜i(t⊗ 1) =
d∑
i=0
ρi(t⊗ 1)e−1 = ee−1 = 1.

Next, we show that finiteness of the weak local-triviality dimension implies free-
ness in the sense of Definition 2.7, in complete generality.
Theorem 3.8. Let G be a compact quantum group, let A be a unital C*-algebra,
and let δ be an action of G on A. If dimWLT(δ) <∞, then δ is free.
Proof. Set B = {(A⊗ 1C(G))δ(A)}cls. To show that B = A⊗ C(G), it is enough to
show that B contains all simple tensors. In addition, since B is a left (A ⊗ 1C(G))-
module, it suffices to show that 1A ⊗ x belongs to B for all x ∈ C(G).
Let x ∈ C(G) be fixed, and set d = dimWLT(δ) <∞. Let ε > 0. We write f ≈ε g
to mean that ‖f − g‖ < ε. Since the action ∆: C(G)→ C(G)⊗C(G) is free, there
are m ∈ N and y1, . . . , ym, z1, . . . , zm ∈ C(G) such that
1C(G) ⊗ x ≈ε
m∑
k=1
(yk ⊗ 1C(G))∆(zk).
Using the fact that dimWLT(δ) = d, we find G-equivariant ∗-homomorphisms
ρ0, . . . , ρd : C0((0, 1])⊗ C(G)→ A
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such that the element e :=
∑d
j=0 ρj(t ⊗ 1C(G)) is invertible. For j = 0, . . . , d, set
ρ˜j = ρj⊗idC(G) : C0((0, 1])⊗C(G)⊗C(G)→ A⊗C(G), which are also G-equivariant
∗-homomorphisms. Then,
e⊗ x =
d∑
j=0
ρj(t⊗ 1C(G))⊗ x =
d∑
j=0
ρ˜j(t⊗ 1C(G) ⊗ x)
≈ε
d∑
j=0
m∑
k=1
ρ˜j(t⊗ (yk ⊗ 1C(G))∆(zk))
=
d∑
j=0
m∑
k=1
ρ˜j(
√
t⊗ (yk ⊗ 1C(G))) ρ˜j(
√
t⊗∆(zk))
=
d∑
j=0
m∑
k=1
(ρj(
√
t⊗ yk)⊗ 1C(G))δ(ρj(
√
t⊗ zk)),
where we used the equivariance of the maps ρj.
This shows that e⊗ x belongs to B. Since e is invertible, 1A ⊗ x belongs to B as
well. Hence B = A⊗ C(G) and we conclude that δ is free. 
Next, we introduce the notion of a locally trivial compact quantum principal
bundle. Let δ : A → A ⊗ C(G) be a free action of a compact quantum group G
on a unital C*-algebra A. Then the triple (A,AG,G) is called a compact quan-
tum principal bundle (cf. [3, Definition 3.1]). Hence, by Theorem 3.8, any action
of a compact quantum group G with finite local-triviality dimension gives rise to
a compact quantum principal bundle. We arrive at the following definition, which
is a noncommutative analog of a locally trivial compact principal bundle (see Sec-
tion 4).
Definition 3.9. A compact quantum principal bundle (A,AG,G) is said to be locally
trivial if and only if dimGLT(A) <∞.
A compact quantum principal bundle (A,AG,G) is called trivializable if there
exists a G-equivariant ∗-homomorphism C(G) → A [3, Definition 3.1]. Hence, by
Proposition 3.4, (A,AG,G) is trivializable if and only if dimGLT(A) = 0.
3.2. Examples of locally trivial compact quantum principal bundles. We
start with antipodal Z/2Z-actions on two different kinds of noncommutative spheres
and show that they have finite local-triviality dimension.
Example 3.10 (Antipodal action on the free spheres). There is a natural antipodal
action of Z/2Z on C(Sn+) (see Example 2.12) given on generators by
xi 7→ −xi, i = 0, 1, 2, . . . , n.
Recall that C(Z/2Z) can be viewed as the universal C*-algebra generated by a single
self-adjoint element γ such that γ2 = 1. One can find equivariant ∗-homomorphisms
ϕi : C0((0, 1])⊗ C(Z/2Z)→ C(Sn+) :
√
t⊗ γ 7→ xi, i = 0, 1, 2, . . . , n.
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Observe that
n∑
i=0
ϕi(t⊗ 1) =
n∑
i=0
(
ϕi(
√
t⊗ γ)
)2
=
n∑
i=0
x2i = 1.
The above considerations imply that dim
Z/2Z
LT (C(S
n
+)) ≤ n. 
Example 3.11 (Antipodal action on the equatorial Podles´ sphere). Recall that the
equatorial Podles´ sphere C(S2q∞) [47] is the unital universal C*-algebra generated
by B and self-adjoint A satisfying the relations
AB = q2BA, B∗B = 1− A2, BB∗ = 1− q4A2.
The antipodal Z/2Z-action is defined by
A 7→ −A, B 7→ −B.
Define Z/2Z-equivariant ∗-homomorphisms
ρ0 : C0((0, 1])⊗ C(Z/2Z)→ C(S2q ) :
√
t⊗ γ 7→ i
2
(B∗ −B),
ρ1 : C0((0, 1])⊗ C(Z/2Z)→ C(S2q ) :
√
t⊗ γ 7→ 1
2
(B∗ +B),
ρ2 : C0((0, 1])⊗ C(Z/2Z)→ C(S2q ) :
√
t⊗ γ 7→
√
1 + q4
2
A.
Using the defining relations of C(S2q∞), one can check that
2∑
i=0
ρi(t⊗ 1) =
2∑
i=0
[
ρi(
√
t⊗ γ)
]2
=
1
2
B∗B +
1
2
BB∗ +
1 + q4
2
A2 = 1.
Hence, dim
Z/2Z
LT (C(S
2
q∞)) ≤ 2. 
Note that finiteness of the local-triviality dimension of any Z/2Z-action on a uni-
tal C*-algebra A is tantamount to the existence of finitely many odd self-adjoint
elements in A whose squares add up to one. We will show in Section 6, that
dim
Z/2Z
LT (C(S
n
+)) = n for all n.
In the next example we consider a U(1)-action for which we not only bound the
local-triviality dimension but also obtain its actual value. Then, we present an
example of an SU(2)-action of a similar flavour.
Example 3.12 (Noncommutative Matsumoto–Hopf fibration). Let us consider the
Matsumoto noncommutative three-sphere S3θ [30, 31], where θ ∈ (0, 1). It is defined
as the universal C*-algebra generated by two normal elements Z and W subject to
relations
ZW = e2piiθWZ, Z∗Z +W ∗W = 1.
Define the action of U(1) on C(S3θ ) by
Z 7→ eiϕZ, W 7→ eiϕW, for all eiϕ ∈ U(1).
Since Matsumoto showed that C(S3θ )
U(1) ∼= C(S2) [31], the action considered in
this example is sometimes called the noncommutative Matsumoto–Hopf fibration
(or the noncommutative Matsumoto–Dirac monopole bundle).
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Recall that C(U(1)) can be viewed as the universal C*-algebra generated by one
unitary U . Define two U(1)-equivariant ∗-homomorphisms
ρ0 : C0((0, 1])⊗ C(U(1))→ C(S3θ ) :
√
t⊗ U 7→ Z,
ρ1 : C0((0, 1])⊗ C(U(1))→ C(S3θ ) :
√
t⊗ U 7→ W.
Note that ρ0(t⊗ 1) + ρ1(t⊗ 1) = 1, and hence dimU(1)LT (C(S3θ )) ≤ 1.
Assume now that dim
U(1)
LT (C(S
3
θ )) = 0. By Proposition 3.4, there is a U(1)-
equivariant ∗-homomorphism C(U(1)) → C(S3θ ). This map is in particular Z/2Z-
equivariant and the image of U under this map would contradict [41, Proposition 3.9]
(which states that no element of C(S3θ ) can be both odd and invertible). Hence, we
have that dim
U(1)
LT (C(S
3
θ )) = 1. 
Similarly as for the case of Z/2Z, the finiteness of the local-triviality dimension
of any U(1)-action on a C*-algebra A can be stated in a different way. Recall that
any U(1)-action gives a Z-grading on A. Then the fact that dimU(1)LT (A) <∞ can be
translated into existence of finitely many normal elements xi of degree 1 in A such
that
∑
i x
∗
ixi = 1.
Example 3.13 (Noncommutative Hopf principal SU(2)-bundle). Let θ = (θij) be
an n× n Hermitian matrix such that |θij| = 1 for all i, j and with θii = 1 for each i.
The C*-algebra C(S2n−1θ ) of the odd Natsume–Olsen quantum sphere S
2n−1
θ [38] is
defined as the universal unital C*-algebra generated by n normal elements Z1, . . . ,
Zn satisfying the relations
n∑
i=1
Z∗i Zi = 1, ZjZi = θijZiZj, i, j = 1, 2, . . . , n.
Recall that C(SU(2)) can be viewed as the unital universal C*-algebra generated
by two normal elements α and γ commuting with each other and satisfying
α∗α + γ∗γ = 1.
We write the coproduct of C(SU(2)) on generators as follows
∆(α) = α⊗ α− γ ⊗ α∗, ∆(γ) = α⊗ γ + γ ⊗ γ∗.
In [28], Landi and Suijlekom consider C(S7θ ), with θ12 = θ34 = 1 and θ14 = θ23 =
θ13 = θ24, together with an action of SU(2) given by
δ(Z1) = Z1 ⊗ α− Z2 ⊗ α∗, δ(Z2) = Z1 ⊗ γ + Z2 ⊗ γ∗,
δ(Z3) = Z3 ⊗ α− Z4 ⊗ α∗, δ(Z4) = Z3 ⊗ γ + Z4 ⊗ γ∗.
Note that this coaction is well defined because Z1 commutes with Z2 and Z3 com-
mutes with Z4.
We define two SU(2)-equivariant *-homomorphisms
ρ0 : C0((0, 1])⊗ C(G)→ C(S7θ ) :
√
t⊗ α 7→ Z1,
√
t⊗ γ 7→ Z2,
ρ1 : C0((0, 1])⊗ C(G)→ C(S7θ ) :
√
t⊗ α 7→ Z3,
√
t⊗ γ 7→ Z4.
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These maps are well defined because all generators are normal. Observe that
(ρ0 + ρ1)(t⊗ 1) = (ρ0 + ρ1)(t⊗ (α∗α + γ∗γ)) =
4∑
i=1
Z∗i Zi = 1.
Hence, dim
SU(2)
LT (C(S
7
θ )) ≤ 1. 
Next example shows that both dimensions differ in general.
Example 3.14 (Z/2Z-action on 3× 3 complex matrices). Let us view M3(C) as a
graph C*-algebra of the graph
v1 v2 v3
e12 e23
(e.g., see [2] for a definition of a graph C*-algebra). This C*-algebra is generated
by three orthogonal projections p1, p2, p3, associated to vertices, and two partial
isometries s12 and s23, associated to edges, satisfying
s12s
∗
12 = p1, s
∗
12s12 = p2 = s23s
∗
23, s
∗
23s23 = p3.
It has the following linear basis: p1, p2, p3, s12, s23, s
∗
12, s
∗
23, s12s23, s
∗
23s
∗
12.
We consider a Z/2Z-action given on the generators by
pi 7→ pi, i = 1, 2, 3, s12 7→ −s12, s23 7→ −s23.
The above action gives a Z/2Z-grading and any odd self-adjoint element in M3(C)
is of the form
x = k1s12 + k2s23 + k
∗
1s
∗
12 + k
∗
2s
∗
23, k1, k2 ∈ C.
Suppose that we have odd self-adjoint elements xj ∈M3(C), j = 0, 1, 2, . . . , n, such
that
∑n
j=0 x
2
j = 1. Then the relation p1 + p2 + p3 = 1 (sum of the vertex projections
equals 1 for any graph C*-algebra of a graph with finitely many vertices) leads to a
contradiction. Hence we get that dim
Z/2Z
LT (M3(C)) =∞.
It is equally straightforward to find two odd self-adjoint elements of M3(C) whose
sum of squares is invertible. Since there is no Z/2Z-equivariant ∗-homomorphism
C(Z/2Z)→M3(C), we conclude that dimZ/2ZWLT(M3(C)) = 1. 
3.3. The n-universal bundles and the strong local-triviality dimension.
Motivated by [52, § 19.2], we introduce the following definition.
Definition 3.15. We say that a locally trivial compact quantum principal bundle
(A,AG,G) is n-universal if and only if for any other compact quantum principal
bundle (B,BG,G) with dimGLT(B) ≤ n there exists a G-equivariant ∗-homomorphism
A→ B.
Recall that, in the case of Z/2Z-actions, to check if a given Z/2Z-C*-algebra A
gives rise to a locally trivial compact quantum principal bundle one needs to find
finitely many odd self-adjoint elements yi such that
∑
i y
2
i = 1. This in turn means
that there is a unital Z/2Z-equivariant ∗-homomorphism C(Sn+) → A, for some n,
given by xi 7→ yi. Hence C(Sn+) is an n-universal compact quantum Z/2Z-bundle.
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In Section 2.9, using the notion of the free noncommutative join, we introduced
the C*-algebra C(E+×nG) for any compact quantum group G. We also showed that
C(Sn+) and C(E
+×
n Z/2Z) are isomorphic as Z/2Z-C*-algebras. In Theorem 3.19 we
will prove that C(E+×nG) is an n-universal G-bundle for any G, but first we need the
following lemma.
Lemma 3.16. Let A be a G-C*-algebra with a coaction δ : A→ A⊗ C(G). Then,
dimGLT(A+×C(G)) ≤ dimGLT(A) + 1, where we consider A+×C(G) with the diagonal
action of G.
Proof. Let dimGLT(A) = n. We have jointly-unital G-equivariant ∗-homomorphisms
ρi : C0((0, 1])⊗C(G)→ A, i = 0, 1, . . . , n. Let us define the following G-equivariant
∗-homomorphisms
ρ˜i : C0((0, 1])⊗ C(G)→ A+×C(G), i = 0, 1, . . . , n+ 1,
ρ˜i(t⊗ h)(s) := (1− s)ρi(t⊗ h), h ∈ C(G), i = 0, 1, . . . , n, s ∈ [0, 1],
ρ˜n+1(t⊗ h)(s) := s · h, h ∈ C(G), s ∈ [0, 1].
It is evident that
∑
i ρ˜i(t⊗ 1) = 1, and hence we conclude that
dimGLT(A+×C(G)) ≤ n+ 1 = dimGLT(A) + 1.

Corollary 3.17. Let n be a nonnegative integer and let G be a compact quantum
group with the coproduct ∆ : C(G) → C(G) ⊗ C(G). Then, dimGLT(C(E+×nG)) ≤ n
for the diagonal action of G on C(E+×nG).
Proof. As dimLT(∆) = 0, one can proceed by induction using Lemma 3.16. 
Example 3.18 (Compact quantum matrix groups). Let G be a compact quantum
matrix group and let the matrix (ujk) ∈ Mn(C(G)) be its fundamental representa-
tion (see [57]). Then we can explicitly write down the maps from Definition 3.1 for
C(E+×d G). Indeed, recall that by Theorem 2.11 we have that
C(E+×d G) ∼= (CC(G) ∗C . . . ∗C CC(G)︸ ︷︷ ︸
d+1
)/I, (3.4)
where I is the ideal generated by 1−∑di=0 ti . Here each ti denotes the inclusion of
the half-open interval (0, 1] into C in a different copy of CC(G). Define the following
G-equivariant ∗-homomorphisms
ρi : C0((0, 1])⊗ C(G)→ C(E+×d G) :
√
t⊗ ujk 7→
[√
ti ⊗ ujk
]
, i = 0, 1, . . . , d,
where [·] denotes the class of an element of CC(G)∗C d in (CC(G)∗C d)/I. We slightly
abuse notation by denoting the generators in different copies of the iterated amal-
gamated free product by the same ujk. One only needs to check the joint-unitality
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condition:
d∑
i=0
ρi(t⊗ 1C(G)) =
d∑
i=0
ρi
(
t⊗
n∑
k=1
u∗k1uk1
)
=
d∑
i=0
n∑
k=1
ρi
(√
t⊗ u∗k1
)
ρi
(√
t⊗ uk1
)
=
d∑
i=0
n∑
k=1
[√
ti ⊗ u∗k1
] [√
ti ⊗ uk1
]
=
d∑
i=0
[
ti ⊗
n∑
k=1
u∗k1uk1
]
=
[
d∑
i=0
ti ⊗ 1C(G)
]
=
[
1C(G) ⊗ 1C(G)
]
= 1C(E+×d G)
.
Here we used the fact that (ujk) is a unitary matrix. 
Theorem 3.19. Let A be a G-C*-algebra with a coaction δ : A→ A⊗C(G). Then
dimLT(δ) ≤ n if and only if there exists a G-equivariant unital ∗-homomorphism
C(E+×nG)→ A. In other words, C(E+×nG) is an n-universal compact quantum princi-
pal G-bundle.
Proof. First suppose that there is a G-equviariant ∗-homomorphism C(E+×nG)→ A.
By (3.2) and Corollary 3.17, we have that dimGLT(A) ≤ dimGLT(C(E+×nG)) ≤ n.
Now suppose that dimGLT(A) ≤ n. There exist G-equivariant ∗-homomorphisms
ρi : C0((0, 1])⊗ C(G)→ A, i = 0, 1, . . . , n, with
n∑
i=0
ρi(t⊗ 1) = 1.
The unitizations ρ+i , i = 0, 1, . . . , n, of the above maps (by functoriality of the free
product) give rise to a G-equivariant ∗-homomorphism
ρ : CC(G) ∗C . . . ∗C CC(G)︸ ︷︷ ︸
n+1
→ A.
Using Theorem 2.11, it suffices to check if ρ descends to the quotient by the ideal
generated by the element
∑
i ti − 1. This is however a consequence of the joint-
unitality condition. 
Theorem 3.19 motivates another definition, where the free noncommutative join
is replaced by the equivariant noncommutative join.
Definition 3.20. Let A a unital G-C*-algebra with a coaction δ : A→ A⊗ C(G).
Given a nonnegative integer d, we say that δ has the strong local-triviality dimension
at most d, written dimSLT(δ) ≤ d, if there exists a G-equivariant ∗-homomorphism
ρ : C(E∆d G) −→ A.
We set dimSLT(δ) =∞ if no such d exists.
Since C(E∆0 G) = C(G) and due to Proposition 3.5, for any coaction δ, we obtain
dimWLT(δ) = 0 ⇐⇒ dimLT(δ) = 0 ⇐⇒ dimSLT(δ) = 0. (3.5)
Using the same formulas as in the proof of Lemma 3.16, one can verify the fol-
lowing result (see [13, Proposition 3.4]).
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Proposition 3.21. Let A be a G-C*-algebra with a coaction δ : A → A ⊗ C(G).
Then, dimGLT(A
δ
~ C(G)) ≤ dimGLT(A) + 1, where we consider A
δ
~ C(G) with the
analog of the diagonal action of G. Consequently, dimGLT(C(E∆n G)) ≤ n for all n.
Using the above proposition and the inequality (3.2), for any coaction δ, we obtain
inequalities between all three local-triviality dimensions
dimWLT(δ) ≤ dimLT(δ) ≤ dimSLT(δ). (3.6)
Next example shows that the strong local-triviality dimension differs from the
previously defined local-triviality dimensions.
Example 3.22 (Antipodal action on odd free spheres). Consider the Z/2Z-action
on C(S1+) described in Example 3.10. We will show that dim
Z/2Z
SLT (C(S
1
+)) ≥ 2.
Indeed, if we would have that dim
Z/2Z
SLT (C(S
1
+)) ≤ 1, then we would obtain a Z/2Z-
equivariant ∗-homomorphism
f : C(S1) ∼= C(E1Z/2Z) ∼= C(E∆1 Z/2Z) −→ C(S1+) −→ C(S1),
where the second arrow is simply the abelianization. Next, since K1(C(S
1
+)) = 0,
the induced map
f∗ : K1(C(S1)) −→ K1(C(S1))
is trivial. This contradicts the classical Borsuk–Ulam theorem (see [40, Theo-
rem 3.1.1]). Similarly, if n is odd, we have that dim
Z/2Z
SLT (C(S
n
+)) ≥ n+ 1. 
4. Locally trivial compact principal bundles
In this section we prove that for unital commutative C*-algebras our definition
of the locally trivial compact quantum principal bundle recovers the notion of the
locally trivial compact principal bundle in topology. First, let us recall the definition
of a locally trivial principal G-bundle, which is the main motivation of this work.
Definition 4.1. Let pi : X →M be a fiber bundle of topological spaces and let X be
equipped with a right action of a topological group G. The quadruple (X,M, pi,G) is
called a principal G-bundle if the following axioms hold:
(1) For any x ∈ X and g ∈ G, we have pi(xg) = pi(x).
(2) For each m ∈ M , there exists an open neighbourhood U of m in M and a
fiber-preserving G-equivariant homeomorphism ϕ : pi−1(U) → U × G, which
is called a trivialization of pi over U with a typical fibre G.
Point (2) above describes the local triviality of a principal G-bundle. From (1)
and (2) one can prove that the action of G on X is free. On the other hand, by a
result of Mostow [34, Theorem 3.1], free actions of compact Lie groups on regular
topological spaces give rise to locally trivial principal bundles.
We gave a standard definition of a principal G-bundle that can be found in text-
books, e.g. [52, 54], and should be contrasted with the definition of a Cartan prin-
cipal G-bundle [5, 11], where one assumes that the action of G is free and proper
and that M ∼= X/G (in the original work of Cartan, it is phrased equivalently as the
continuity of the translation map and a certain density condition) instead of (2).
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For our purposes, we need a slight reformulation of the notion of local triviality.
This can be achieved by means of certain invariants that are always finite for locally
trivial compact principal G-bundles.
Definition 4.2 ([50]). The Schwarz genus of a G-space X, denoted by gG(X), is
the smallest number n such that X can be covered with open G-invariant subsets
U0, U1, . . . , Un with the property that for every i = 0, 1, 2, . . . , n, there exists a G-
equivariant map Ui → G. If no such n exists, we write gG(X) =∞.
Now let X and Y be two G-spaces and suppose that there exists a G-map X → Y .
Then, there is an inequality
gG(X) ≤ gG(Y ). (4.1)
Note that if G is a compact Hausdorff group acting on a compact Hausdorff space
X, then gG(X) < ∞ if and only if pi : X → X/G is a locally trivial principal G-
bundle. One can say even more, if gG(X) = n, this means that X/G can be covered
with at most n+ 1 trivializing open sets. Recall that
gG(X) ≤ dim(X/G). (4.2)
Indeed, dim(X/G) ≤ d if and only if any finite open cover of X/G can be refined
by a finite open cover that splits into (d + 1) disjoint families of open sets. Note
that open subsets of a trivializing open set are still trivializing, and thus if a finite
open cover of X/G consists of trivializing open sets, then any finite open cover that
refines it also consists of trivializing open sets. Combining this with the observation
that a disjoint union of trivializing open sets is still a trivializing open set, we obtain
the desired inequality.
In [50, Theorem 9] Schwarz showed that for any topological group G there is an
inequality
gG(EnG) ≤ n. (4.3)
We need another invariant which was introduced for purposes of the Borsuk–
Ulam-type theorems (e.g., see [29]).
Definition 4.3. Let X be a G-space. We define the G-index of X by
indG(X) := min{n : ∃ G-map X → EnG}.
If there is no such G-map, we write indG(X) =∞.
As for the Schwarz genus, we have that if there is an G-equivariant map X → Y
between two G-spaces, then
indG(X) ≤ indG(Y ). (4.4)
The following result shows that the above invariants are equal for compact Haus-
dorff spaces. As we did not find it in the literature, we give its proof for reader’s
convenience.
Proposition 4.4. Let G be a compact Hausdorff group acting continuously on a
compact Hausdorff G-space X. Then,
gG(X) = indG(X).
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Proof. First assume that indG(X) = n. We have a G-map X → EnG. Using (4.1)
and (4.3), we get that gG(X) ≤ gG(EnG) ≤ n = indG(X).
Now assume that gG(X) = n. Then, we know that there are G-equivariant maps
φi : Ui = pi
−1(Vi)→ G for some trivializing cover {Vi}ni=0. Let {fi}ni=0 be a partition
of unity subordinate to {Vi}ni=0. We define a G-map
ψ : X → EnG , x 7→
n∑
i=0
f(pi(x))φi(x) ,
where we use the simplicial notation for the multi-join. The above G-map is well
defined. Indeed, the condition
∑n
i=0 fi(m) = 1, for every m ∈ X/G, assures that
the image of ψ lands in ∆n×Gn+1, where ∆n is the n-simplex. Equations (4.4) and
(4.3), and the existence of ψ imply that indG(X) ≤ indG(EnG) ≤ n = gG(X). 
We emphasize that Proposition 4.4 shows that, for compact Hausdorff X and G,
indG(X) <∞ if and only if the G-bundle pi : X → X/G is locally trivial. Thus, we
obtain a different characterization of locally trivial compact principal G-bundles.
Next, we show that for unital commutative C*-algebras, i.e. algebras of complex-
valued continuous functions on compact Hausdorff topological spaces, Definition 3.1
recovers the usual notion of local triviality.
Theorem 4.5. Let G be a compact Hausdorff group, let X be a compact Hausdorff
space, and let G act continuously on X. Denote by α : G→ Aut(C(X)) the induced
action. Then,
indG(X) = dimLT(α). (4.5)
Proof. Let dimLT(α) = n. Take equivariant ∗-homomorphisms from Definition 3.1
and denote by
ρi : (C0((0, 1])⊗ C(G))+ ∼= C(CG)→ C(X), i = 0, 1, . . . , n,
their unitizations. Note that
∑n
i=0 ρi(t ⊗ 1) = 1. We dualize the above to obtain
G-equivariant continuous maps
ρˆi : X → CG, i = 0, 1, . . . , n.
Next, we define a continuous G-map
ψ : X → EnG, x 7→
n∑
i=0
ρˆi(x),
where we used simplicial coordinates for EnG. Every element ρˆi(x) is a class in
[0, 1] × G. Let us fix an arbitrary point x ∈ X and let ρˆi(x) := [(si, gi)] for some
si ∈ [0, 1] and gi ∈ G. We only need to check if
∑n
i=0 si = 1 (with each si being
non-zero):
1 =
n∑
i=0
(ρi(t⊗ 1))(x) =
n∑
i=0
(t⊗ 1)(ρˆi(x)) =
n∑
i=0
(t⊗ 1)([(si, gi)]) =
n∑
i=0
si .
Hence, indG(X) ≤ n = dimLT(α).
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Now suppose that indG(X) = n. We have a G-equivariant map ψ : X → EnG.
Define G-equivariant continuous maps
ρˆi : X
ψ→ EnG ι↪→ (CG)n+1
pri+1 CG .
where i = 0, 1, . . . , n. Again each element ρˆi(x) is a class in [0, 1] × G. Let us
denote it as previously by ρˆi(x) := [(si, gi)], where x ∈ X is arbitrary. By definition∑n
i=0 si = 1 and using the above calculation one can show that
∑n
i=0 ρi(t⊗ 1) = 1.
This implies that dimLT(α) ≤ n = indG(X). 
Remark 4.6. Observe that for any compact Hausdorff group G and any compact
Hausdorff G-space X we obtain
dimGWLT(C(X)) = dim
G
LT(C(X)) = dim
G
SLT(C(X)).
However, in the previous section we showed that all the dimensions can take different
values in general. 
We end this section by some remarks of C*-algebraic flavour. Let G be a compact
Hausdorff group, X a compact Hausdorff space, and pi : X → X/G be a compact
principal G-bundle with the local-triviality dimension equal to n. Then we have
G-equivariant ∗-homomorphisms ρi : C0((0, 1]) ⊗ C(G) → C(X), for i = 0, . . . , n,
such that
∑
i ρi(t ⊗ 1) = 1. Now let pi := ρi(t ⊗ 1) ∈ C(X). Each pi is a positive
contractive element. We consider C*-subalgebras of C(X) of the form
Ai := {√pif√pi | f ∈ C(X/G)}cls ⊆ C(X/G), i = 0, ..., n.
Since C(X) is commutative, each Ai is an ideal of functions supported on an
open set Ui ⊆ X/G over which the principal bundle X → X/G is trivial. By the
joint-unitality condition, we have that
1 ∈ A0 + A1 + . . .+ An.
Next, each ρi induces a G-equivariant unital ∗-homomorphism
ψi : C(G)→M(Ai),
where M(Ai) is the multiplier algebra of Ai.
Remark 4.7. Note that one could consider the hereditary C*-subalgebras Ai for
actions of compact quantum groups on arbitrary unital C*-algebras with finite local-
triviality dimension. However, further investigations are needed to establish if they
play a similar role to ideals of functions supported on the open sets constituting
a trivializing cover. 
5. Relations with piecewise triviality and the Rokhlin dimension
In this section, we examine the connection between the local-triviality dimension
and some other related notions, i.e. piecewise triviality and the Rokhlin dimension.
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5.1. Piecewise triviality. We start by exploring the connection of the local-triviality
dimension with piecewise triviality. We recall the definition of piecewise triviality
in the classical context.
Definition 5.1. A Cartan principal bundle (X, pi,M,G) is called piecewise trivial,
if there exist a covering of M by finitely many closed sets V0, . . . , Vn and fibre-
preserving G-equivariant homomorphisms χi : pi
−1(Vi)→ Vi ×G, i = 0, 1, . . . , n.
This definition was introduced in [5] along with an example (the bubble space) of
a Cartan principal G-bundle that is piecewise trivial, but not locally trivial. For
compact Hausdorff spaces, local triviality implies piecewise triviality. Indeed, for
the cover {Vi} in the above definition, take the supports of functions of a partition
of unity subordinate to the open trivializing cover given by local triviality.
The concept of piecewise triviality admits a straightforward generalization to the
realm of noncommutative geometry.
Definition 5.2. Let A be a unital G-C*-algebra, where G is a compact quantum
group. An action of G on A is said to be piecewise trivial [24], if for some n ∈ N
there exist G-invariant closed ideals I0, . . . , In of A, such that
⋂n
i=0 Ii = 0, and unital
G-equivariant ∗-homomorphisms χi : C(G)→ A/Ii.
Note that according to this definition, if a simple G-C*-algebra is piecewise trivial
it is in fact trivializable.
In contrast with the classical case, local triviality in the sense of Definition 3.1
does not imply piecewise triviality, as the latter notion requires the existence of
proper ideals, while the former may be even applied to simple algebras, as the next
example shows.
Example 5.3. (A Z/2Z-action on the irrational rotation algebra). Let θ ∈ (0, 1)
be an irrational number. The irrational rotation algebra Aθ (or the noncommutative
torus; see [17, 44, 49]) is the universal C*-algebra generated by two unitaries U and
V subject to the relation
UV = e2piiθV U.
This simple C*-algebra plays a fundamental role in noncommutative geometry. We
define an involutive automorphism of Aθ by mapping
U 7→ −U and V 7→ V.
This gives us an action of Z/2Z on Aθ. Note that the subalgebra C∗(U) gener-
ated by U is isomorphic to C(S1) and invariant under the above action, and that
the restricted action amounts to the antipodal action on S1, whose local trivial-
ity dimension is 1. Hence, applying inequality (3.2) to the equivariant embedding
C∗(U) ⊂ Aθ, we see that dimZ/2ZLT (Aθ) ≤ 1.
However, this action cannot be piecewise trivial, because simplicity of Aθ would
force it to be trivial, which we will show is not possible.
We show that the considered bundle is not trivial and thus dim
Z/2Z
LT (Aθ) = 1.
Indeed, if this were not the case, we would have a unital Z/2Z-equivariant ∗-homo-
morphism ϕ : C(Z/2Z)→ Aθ. Let p and q be the images under ϕ of the two minimal
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projections generating C(Z/2Z). Thus p and q are orthogonal projections that add
up to 1 and they are translates of each other under the Z/2Z action. The unique
trace τ : Aθ → C given by
τ
( ∑
m,n∈Z
am,nU
mV n
)
= a0,0
is clearly invariant under Z/2Z-action on Aθ. We compute
τ(p) = τ(q) =
τ(p+ q)
2
=
1
2
.
This is impossible since we know the image of the homomorphism K0(Aθ) → R
induced by τ is Z+ θZ (this is in fact also injective; see [44]).
Alternatively, we can prove this fact by noticing that the involution U 7→ −U
and V 7→ V is homotopic to the identity via the homotopy defined by U 7→ epiitU
and V 7→ V . This implies that p and q induce the same element in K0(Aθ) and
2[p] = [1], which contradicts with the fact that [1] is not divisible by 2 in K0(Aθ).
We have proved that the noncommutative bundle under consideration is not triv-
ial. Thus we conclude that dim
Z/2Z
LT (Aθ) = 1. 
5.2. Rokhlin dimension. We proceed to the relation of the local-triviality dimen-
sion with the Rokhlin dimension. Throughout the subsection all C*-algebras are
assumed to be separable and groups are assumed to be metrizable unless otherwise
stated. Let us start by recalling the definitions of a sequence algebra and a com-
pletely positive contractive order zero map, which are the basic ingredients of the
definition of the Rokhlin dimension.
Definition 5.4. Let A be a separable unital C*-algebra, `∞(N, A) denote the C*-
algebra of all bounded sequences with elements in A and c0(N, A) denote the ideal
consisting of sequences converging to zero in norm. The sequence algebra is defined
as the quotient
A∞ := `∞(N, A)/c0(N, A).
The central sequence algebra is defined as the commutant A∞ ∩ A′.
If G is a compact metrizable group acting on a separable unital C*-algebra A,
then there are actions of G on both A∞ and A∞∩A′. The continuity of those actions
is a consequence of a result of Brown [8, Theorem 2].
Definition 5.5 ([56]). Let A and B be C*-algebras. A completely positive contractive
map ϕ : A→ B is called order zero if and only if
ϕ(a)ϕ(b) = 0, whenever ab = 0, for any a, b ∈ A.
The theory of completely positive contractive order zero maps was developed by
Winter and Zacharias and has played a fundamental role in the recent breakthrough
in the classification theory of C*-algebras. The following result, based on the Stine-
spring theorem, will be crucial in exploring the connection of the Rokhlin dimension
with local triviality.
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Theorem 5.6 ([56]). Let A and B be unital C*-algebras. Any completely positive
contractive order zero map ϕ : A→ B induces the ∗-homomorphism
ρϕ : C0((0, 1])⊗ A→ B determined by ρϕ(t⊗ a) := ϕ(a) for all a ∈ A.
Conversely, any ∗-homomorphism ρ : C0((0, 1]) ⊗ A → B induces the completely
positive order zero map
ϕρ : A→ B given by ϕρ(a) := ρ(t⊗ a) for all a ∈ A.
The above is also true in the equivariant setting for actions of locally compact group
on C*-algebras (see [19, Corollary 2.10]). Note that to discuss order zero maps we
need not restrict to separable C*-algebras.
Definition 3.1 was inspired by the following definition.
Definition 5.7 ([19]). Let G be a compact metrizable group and let δ : G→ Aut(A)
be an action of G on a separable unital C*-algebra A. We say that an action δ has
the Rokhlin dimension n, written dimRok(δ) = n, if n is the minimal non-negative
integer such that there exist G-equivariant completely positive contractive order zero
maps
ϕ0, . . . , ϕn : C(G)→ A∞ ∩ A′ with
n∑
i=0
ϕi(1) = 1.
We set dimRok(δ) =∞ if no such n exists.
Using Theorem 5.6, one can compare the local-triviality dimension and the Rokhlin
dimension. Note that the local-triviality dimension is defined for actions of compact
quantum groups to begin with, while the generalization of the Rokhlin dimension
to actions of compact quantum groups is not straightforward and requires some
reformulations [20].
Remark 5.8. Observe the original definition of the Rokhlin dimension [19, Defini-
tion 3.2] is slightly more general: G is assumed to be compact and second countable,
while A is assumed to be σ-unital. Furthermore, the (corrected) relative central se-
quence algebra is used instead of A∞ ∩ A′. Note however that we do not use the
invariant part A∞,δ of the sequence algebra due to [8, Theorem 2]. 
Next, using the notion of equivariant projectivity, we show that, for compact
Lie group actions on unital commutative separable C*-algebras, the notions of the
local-triviality dimension and the Rokhlin dimension coincide.
Let us first state the definition of the equivariant projectivity in the case of com-
pact Hausdorff group actions.
Definition 5.9 ([45, 46]). Let G be a compact Hausdorff group and let A be a G-C*-
algebra. We say that A is G-equivariantly projective if for any G-C*-algebra B, a
G-invariant closed ideal J ⊆ B, and an equivariant ∗-homomorphism σ : A→ B/J ,
there is an equivariant ∗-homomorphism λ : A → B such that pi ◦ λ = σ, where
pi : B → B/J is the quotient map.
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Note that the above definition means projectivity in the category of general
G-C*-algebras and one can restrict this definition to subcategories of unital G-
C*-algebras, commutative G-C*-algebras, etc. In the category of commutative C*-
algebras, an object C0(X) is G-equivariantly projective if and only if X is a G-AR
(G-equivariant absolute retract [35, 36]).
Remark 5.10. The notion of equivariant projectivity of [45, 46] should be distin-
guished from the notion of equivariant projectivity in the category of projective
modules that can be applied to C*-algebras [9]. 
We state two propositions that establish a relation between the local-triviality
dimension and the Rokhlin dimension.
Proposition 5.11. Let A be a unital commutative separable C*-algebra equipped
with an action δ of a compact metrizable group G. Then,
dimRok(δ) ≤ dimLT(δ).
Proof. Assume that dimLT(δ) = d. Due to Theorem 5.6, we have G-equivariant
completely positive contractive order zero maps ϕ0, . . . , ϕd : C(G) → A such that∑d
i=0 ϕi(1) = 1. Using the unital inclusion ι : A → A∞ and the fact that A is
commutative, we obtain G-equivariant completely positive contractive order zero
maps
ϕ˜i := ι ◦ ϕi : C(G)→ A∞ = A∞ ∩ A′, i = 0, 1, 2, . . . , d.
Since ι is unital, we obtain
∑d
i=0 ϕ˜i(1) = 1. Therefore, dimRok(δ) ≤ d = dimLT(δ).

Proposition 5.12. Let G be a compact metrizable group such that C0((0, 1])⊗C(G)
is G-equivariantly projective and let δ be an action of G on a unital separable C*-
algebra A. Then,
dimWLT(δ) ≤ dimRok(δ).
Proof. Suppose that dimRok(δ) = d and we have equivariant completely positive
contractive order zero maps
ϕi : C(G)→ A∞ ∩ A′ for i = 0, 1, . . . , d.
Using Theorem 5.6, we obtain equivariant ∗-homomorphisms
ρi : C0((0, 1])⊗ C(G)→ A∞ ∩ A′ ↪→ A∞ .
Since C0((0, 1]) ⊗ C(G) is G-equivariantly projective, for each ρi, there exists
a G-equivariant ∗-homomorphism
λi : C0((0, 1])⊗ C(G)→ `∞(N, A)
such that pi ◦ λi = ρi, where pi : `∞(N, A) → A∞ is the quotient map. Define
prn : `
∞(N, A) → A as a projection on the nth element of the sequence for some
n ∈ N. Then, the maps
ρ˜n,i := prn ◦ λi : C0((0, 1])⊗ C(G)→ A, i = 0, 1, 2, . . . , d,
define G-equivariant ∗-homomorphisms.
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From the fact that
∑
i ρi(t⊗ 1) = 1 and that ρi = pi ◦ λi, we obtain∥∥∥∥∥prn
(
d∑
i=0
λi(t⊗ 1)
)
− 1
∥∥∥∥∥→ 0 as n→∞.
Hence for large enough N , we can conclude that
d∑
i=0
ρ˜N,i(t⊗ 1) = prN
(
d∑
i=0
λi(t⊗ 1)
)
is invertible. 
If G is a compact Lie group, then the space (0, 1] × G is a G-AR (see [1, Corol-
lary 2.3]). Hence, C0((0, 1]) ⊗ C(G) is G-equivariantly projective in the category
of commutative C*-algebras. In the general possibly noncommutative case, it is
known that C0((0, 1]) ⊗ C(Z/2nZ) is equivariantly projective for any n ∈ N \ {0}
[46, Proposition 2.10].
Combining Propositions 5.2 and 5.12, and taking advantage of the above remark
about Lie groups, we arrive at
Theorem 5.13. Let A be a unital commutative separable C*-algebra equipped with
an action δ of a compact Lie group G. Then,
dimLT(δ) = dimRok(δ).
Theorem 5.13 suggests that the Rokhlin dimension can be viewed as another
noncommutative generalization of local triviality of compact principal G-bundles,
where G is a compact Lie group. However, when we stay away from Lie groups,
these notions differ even in the classical case as shown in the Theorem 5.17 below.
First, we need to introduce a new characterization of the Rokhlin dimension for
actions of compact metrizable groups on unital separable C*-algebras. To this end,
let us recall that every compact metrizable group G contains a decreasing sequence
of normal subgroups
G = N1 ⊃ N2 ⊃ . . . with
⋂
{Ni : i = 1, 2, . . .} = {e} ,
such that, for every i, Hi := G/Ni is a compact Lie group. Thus G = lim←−Hi. (See
for example [48, Theorem 53]).
Let δ denote the action of a compact metrizable group G on a unital C*-algebra
A. For any normal subgroup Ni ⊆ G as above, we can define the action δi of Hi on
ANi by the formula
δi[g]i(a) := δg(ιi(a)), g ∈ G, [g]i ∈ Hi, a ∈ ANi .
Here ιi is the inclusion of A
Ni into A.
Theorem 5.14. Let A be a unital separable C*-algebra equipped with an action δ
of a compact metrizable group G = lim←−Hi = lim←−(G/Ni) and let δ
i denote the action
of Hi on A
Ni. Then,
dimRok(δ) = sup
i
{
dimRok(δ
i)
}
.
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Proof. First note that A = lim−→A
Ni and there is an action of G on each ANi defined
by the quotient map G→ Hi. Then, using [19, Theorem 3.8 (4)], we obtain
dimRok(δ) ≤ lim inf
i
{
dimRok(δ
i)
} ≤ sup
i
{
dimRok(δ
i)
}
.
Next, suppose that dimRok(α) = d, namely that there are jointly-unital G-equi-
variant completely positive contractive order zero maps
ϕj : C(G) −→ A∞ ∩ A′, j = 0, 1, . . . , d.
For every i, there is a G-equivariant ∗-homomorphism
C(Hi) −→ C(G),
where the action of G on Hi is again defined by the quotient map G→ G/Ni. Com-
posing the two maps above, for any i , we get jointly unital G-equivariant completely
positive contractive order zero maps
ψij : C(Hi) −→ A∞ ∩ A′, j = 0, 1, . . . , d.
Note that, as a G-space, Hi is Ni-invariant so that the image of the above map is
contained in the fixed-point subalgebra under the Ni-action. Therefore, for all i, we
obtain jointly-unital Hi-equivariant completely positive contractive order zero maps
ψij : C(Hi) −→ (A∞ ∩ A′)Ni , j = 0, 1, . . . , d.
Observe that there is a ∗-homomorphism
S : (A∞)
Ni → (ANi)∞
given by averaging each component over Ni , i.e.,
S : [(ai)i] 7→
[(∫
Ni
αn(ai) dµ(n)
)
i
]
,
where µ denotes the normalized Haar measure on the compact group Ni. Moreover,
it is straightforward to check that
S
(
(A∞ ∩ A′)Ni
)
⊆ (ANi)∞ ∩ (ANi)′.
Hence, for every i, we obtain jointly unital Hi-equivariant completely positive con-
tractive order zero maps
ψij : C(Hi) −→
(
ANi
)
∞ ∩
(
ANi
)′
, j = 0, 1, . . . , d.
This implies that, for any i,
dimRok(δ
i) ≤ d = dimRok(δ).
Subsequently,
sup
i
{
dimRok(δ
i)
} ≤ dimRok(δ).

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Intuitively speaking, the Rokhlin dimension of an action does not see the small
subgroups Ni. Let G = lim←−G/Ni = lim←−Hi be a compact metrizable group and
let X be a compact metrizable G-space. For the purposes of the next corollary,
Theorem 5.16, and Theorem 5.17, we introduce the notion of the homotopy quotient
X×GHi . Let us assume that the G-action on X is on the right and we define a left
action of G on Hi using the quotient map as before. Then, there is a diagonal G
action on X ×Hi and
X×GHi := (X ×Hi)/G.
We equip X×GHi with a right Hi-action. Note that there is a isomorphism of
Hi-spaces
X ×
G
Hi ∼= X/Ni .
Note however that the homotopy quotient construction is much more functorial than
the orbit space construction.
Corollary 5.15. Let G = lim←−Hi be a compact metrizable group and let X be a
compact metrizable G-space. Let δ denote the induced C(G)-coaction on C(X). The
following equality holds:
dimRok(δ) = sup
i
{
indHi
(
X ×
G
Hi
)}
.
The following result gives a nice upper bound for the Rokhlin dimension in the
commutative case.
Theorem 5.16. Let X be a compact metrizable space equipped with an action δ of
a compact metrizable group G and let dim(X/G) < ∞. Then, dimRok(δ) < ∞ if
and only if δ is free. In fact, we have dimRok(δ) ≤ dim(X/G).
Proof. We already know that dimRok(δ) <∞ implies freeness [19, Theorem 4.1(1)].
Conversely, assume that the action of G on X is free. Then, for any Hi, the action
of Hi on X×GHi is free as well. By Mostow’s theorem [34, Theorem 3.1], we
know that any free action of a compact Lie group is locally trivial, so we have
indHi(X×GHi) <∞ for any Hi. By Proposition 4.4 and the inequality (4.2), we have
indHi(X×GHi) ≤ dim((X×GHi)/Hi), but the latter space is homeomorphic to X/G
for any Hi. Therefore, Theorem 5.14 implies that dimRok(α) ≤ dim(X/G) <∞. 
Next, we present the following striking dimension reduction phenomenon.
Theorem 5.17. For any compact metrizable space X equipped with a continuous
action by the p-adic group Zp. Let δ denote the induced C(G)-coaction on C(X).
Then, if dimRok(δ) <∞, then dimRok(δ) ≤ 3.
Proof. For the sake of brevity, we write G := Zp, Hi := Z/piZ and Xi := X/Ni for
all i. One can show that
X ×
G
Hn ∼= lim←−
m≥n
(
Xm ×
Hm
Hn
)
,
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which implies that
indHn
(
X ×
G
Hn
)
≤ min
m≥n
{
indHn
(
Xm ×
Hm
Hn
)}
.
We compute the upper bound for the Rokhlin dimension:
dimRok(δ) = max
n
{
indHn
(
X ×
G
Hn
)}
≤ max
n
min
m≥n
{
indHn
(
Xm ×
Hm
Hn
)}
= max
n
min
m≥n
min
{
k
∣∣ ∃ Xm ×
Hm
Hn
Hn−→ EkHn
}
= max
n
min
m≥n
min
{
k
∣∣ ∃ Xm Z/pm−→ EkHn} .
Here the last step uses the fact that if H is a quotient group of a compact group G,
X is a G-space, and Y is an H-space (and hence also a G-space), then ∃ X G−→ Y
if and only if ∃ X×GH H−→ Y .
From Theorem 5.13, we know that indHm(Xm) = dim
Hm
Rok(Xm) < ∞, therefore
∃ Xm Hm−→ EdHm for some d ≥ 0. The conclusion follows from a result from [13]
which states that for any d ≥ 3 and n ≥ 1 there exists a Z/pn2d−3Z-equivariant map
Ed(Z/pn2
d−3Z) −→ E3(Z/pnZ).

6. The noncommutative Borsuk–Ulam-type conjectures
In this section, we prove a noncommutative Borsuk–Ulam-type result for actions of
compact quantum groups having a classical subgroup whose induced action has finite
local-triviality dimension. This result is an easy consequence of the results presented
in Sections 3.1 and 3.3. Let us emphasize that the noncommtuative Borsuk–Ulam-
type conjecture (see Conjecture 6.5 below) was one of the main reasons to introduce
the local-triviality dimension, because in the commutative setting, this conjecture
is known exactly in the locally trivial case [12].
The original Borsuk–Ulam antipodal theorem [7, Satz II] can be equivalently
formulated in the following way:
there is no map Sn+1 → Sn intertwining the antipodal actions.
This result was generalized to q-deformed spheres by Yamashita [58, Corollary 15]
and θ-deformed spheres by Passer [41, Corollary 4.6].
Matousek generalized the Borsuk–Ulam theorem as follows: let G be a finite
group, then there is no G-equivariant map EnG → En−1G [29, Theorem 6.2.5]. If
G = Z/2Z, we recover the usual Borsuk–Ulam theorem. Chirvasitu, D ↪abrowski
and Hajac, based on the unpublished work of Bestvina and Edwards, extended the
aforementioned non-existence result to all compact Hausdorff groups [12]. There is
a natural question whether this result holds in the case of the n-fold equivariant
noncommutative join of a given compact quantum group.
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Conjecture 6.1. Let G be a compact quantum group. Then there does not exists a
G-equivariant ∗-homomorphism C(E∆n G)→ C(E∆n+1G) and dimGLT(C(E∆n G)) = n.
An analogous conjecture for n-fold noncommutative free join of G would follow
from Conjecture 6.1. Indeed, this fact can be deduced from the following result
which is a direct consequence of the inequality (3.2) and Theorem 3.19.
Proposition 6.2. Let G be a compact quantum group and suppose that there exists
a single G-action with the local-triviality dimension equal to n. Then there is no
G-equivariant ∗-homomorphism C(E+×nG)→ C(E+×n+1G) and dimGLT(C(E+×nG)) = n.
Since dimGLT(C(EnG)) = n for any compact Hausdorff group G [12], we arrive at:
Corollary 6.3. Let G be a compact Hausdorff group. Then there is no G-equivariant
∗-homomorphism C(E+×nG)→ C(E+×n+1G) and dimGLT(C(E+×nG)) = n.
Let us write the Borsuk–Ulam theorem for free noncommutative spheres as a sep-
arate result.
Corollary 6.4. There is no ∗-homomorphism C(Sn+) → C(Sn+1+ ) intertwining the
antipodal actions and dim
Z/2Z
LT (C(S
n
+)) = n.
Baum, D ↪abrowski and Hajac postulated the following noncommutative Borsuk–
Ulam-type conjecture:
Conjecture 6.5 ([3]). Let A be a unital C*-algebra with a free action δ of a
non-trivial compact quantum group G. There does not exist a G-equivariant ∗-
homomorphism A→ A δ~ C(G).
Using the notion of the local-triviality dimension, we can obtain a new noncom-
mutative Borsuk–Ulam-type result. First, let us demonstrate that Conjecture 6.5
for locally trivial actions on non-simple C*-algebras follows from Conjecture 6.1.
Again, the notion of the n-universal compact quantum principal bundle is crucial
for our arguments.
Proposition 6.6. Let δ : A→ A⊗C(G) be an action of a compact quantum group G
on a unital C*-algebra A such that A admits a character and dimGLT(A) <∞. Then
Conjecture 6.1 implies Conjecture 6.5.
Proof. Suppose that we know that Conjecture 6.5 holds for A. Using universality of
C(E+×nG) (Theorem 3.19), we obtain a chain of G-∗-homomorphisms
C(E+×nG)→ A→ A
δ
~ C(G)→ . . .→ C(E∆n+1G).
Hence, to prove Conjecture 6.5 for locally trivial actions it is enough to prove that
dimGLT(C(E
∆
n G)) = n, which is the exact formulation of Conjecture 6.1. 
Corollary 6.7. Let δ : A→ A⊗C(G) be an action of a compact Hausdorff group G
on a unital C*-algebra A such that A admits a character and dimGLT(A) <∞. There
does not exist a G-equivariant ∗-homomorphism A→ A δ~ C(G).
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Proof. The result is a consequence of Proposition 6.6, because Conjecture 6.1 is true
for compact Hausdorff groups [12]. 
Finally, we can improve the result in Corollary 6.7 to arbitrary unital C*-algebras
equipped with an action of a compact quantum group admitting a classical subgroup
whose induced action has finite local-triviality dimension:
Theorem 6.8. Let G be a compact quantum group, and let A be unital C*-algebra
equipped with a coaction δ : A → A ⊗ C(G). Then, if G admits a non-trivial
classical subgroup H whose induced action α satisfies dimWLT(α) < ∞, there is no
G-equivariant ∗-homomorphism A→ A δ~ C(G).
Proof. We closely follow the reasoning presented in [42]. Suppose that there exists
a G-equivariant ∗-homomorphism A → A δ~ C(G). Then by [16] there exists a H-
equivariant ∗-homomorphism A → A ~ C(H). Evaluation at e ∈ H in each point
would produce a path of unital ∗-homomorphisms on A connecting a H-equivariant
map to a one-dimensional representation. In what follows, we show that such a path
cannot exists.
Denote the aforementioned path of unital ∗-homomorphisms by ψt : A→ A, where
ψ1 is equivariant and ψ0 : A → C. Existence of ψ0 implies that the H-invariant
ideal I = 〈ab− ba : a, b ∈ A〉 is proper and we can consider the abelianization Ac :=
A/I. By the Gelfand-Naimark theorem, Ac = C(X) for some compact Hausdorff
space X. Since the action of H on A has finite weak local-triviality dimension, by
inequality (3.3), the induced action on Ac has finite weak local-triviality dimension
as well. In terms of spaces, this means that the principal H-bundle X → X/H is
locally trivial.
Now for every t ∈ [0, 1], ψt induces a map ψ˜t : Ac → Ac. Such a path is dual
to the homotopy of maps on the space X connecting an H-equivariant map with
a constant map. This implies equivariant contractibility of X, which is equivalent
with the existence of an H-map X ∗ H → X. However, this map cannot exists
by [12]. 
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